A PROPERTY OF THE DIFFERENTIAL IDEAL [y’]

BY
KATHLEEN B. O'KEEFE

Introduction. Let y be a differential indeterminate over the rational num-
ber field R, that is, we consider the polynomial ring R[yo, 1, %2, - - - ] in a
sequence of (algebraic) indeterminates yo=7, y1, ¥z, - - - together with the
mapping a—a’ of R[yo, 91, ¥s, - - - | into itself which has the properties:
(1) (@+b)’ =a'+¥’, (2) (ad)’ =a’b+ab’, (3) y! =¥i1; there is one and only one
such mapping, and the operation of passing from a to @’ is called differentia-
tion. By a differential ideal in R[y,, y1, 2, + - - | we mean an ideal in the ring-
theoretic sense which has the property that if a is in the ideal, then also a’
is in the ideal. Notationally, [y?] stands for the differential ideal generated
by y?, that is, for the ideal generated in the usual ring-theoretic sense by
¥%, ) (7)) - - -

A study of the structure of differential ideals yields many unsolved prob-
lems even for the relatively simple ideal [y»]. It is shown from a simple cal-
culation that y¥*~'=0[y?], whence it follows that some power of each y; is in
[y7]. The following question was singled out for investigation by J. F. Ritt
[3]: what is the smallest ¢ such that y?=0[y?]? For i=1, ¢=2p—1 is stated
by him without proof to be the answer. In Part I we give a proof of this re-
sult, and in Part II we solve the problem for =2, p = 2. For arbitrary i we
conjecture the answer to be ¢g=(z+1)(p—1)+1.

The following notation and results of H. Levi we use extensively. Let
P=y5y7 - - - 93" be a power product (pp.) of degree

and weight

w = Z 'ia;.
=1
Write d =a(p —1)+b where a and b are integers such that 0<a, 0<b=<p—1.
We let f(p, d) =a(a—1)(p—1) +2ab. It is helpful to note, as Levi has done,
that f(p, d) is the weight of the first d factors of the formal infinite product
¥ 937927t - - - . A sufficient condition for P=0[y*] is that the weight be
small with respect to the degree. More precisely, we have the following theo-
rem of H. Levi:
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THEOREM 0.1. Let p>1 and P be a pp. in the y; of degree d and weight w.
Then if w<f(p, d), P=0][yr].

Levi's theorem may be restated in terms of the notion of weight sequence
introduced by D. G. Mead in [2].

DerFinNiTION 0.2. If P=1y;;, * - * ¥:,, Where the 1; are monotonically non-
decreasing, then (a1, - - + , a,) s called the weight sequence of P and a, the excess
weight of P, where

)
o= 22 i = f(p, ).
k=1

There is a one-to-one correspondence between weight sequences and pp.
in the y,, therefore a pp. and its associated weight sequence may be used
interchangeably. Theorem 0.1 says that if one of the entries in the weight
sequence of P is negative, then P=0][y?]. That this condition is not neces-
sary was shown by Mead in [2].

Another basic result of H. Levi concerns the so-called weak pp.

DEFINITION 0.3. P=ygy1! - - - ¥3" is called a weak pp. if, for i=0, - . -,
n—1, one has o;+o;11 <p.

THEOREM 0.4. No linear combination of weak pp. is in [y?], unless all the
coefficients are zero.

This theorem furnishes us with a starting point for our work. By a se-
quence of congruence relations we reduce a pp. to a linear combination of
weak pp., and then we have only to inspect the coefficients involved to
ascertain whether or not P=0[y?]. In the reduction process used by Levi,
if P is not weak, so that it contains a factor y;y?iy, this factor is replaced
modulo [y?] by the other terms in the [ia+(+1)(p —a) Jth derivative of y,
that is by

Bj
- Z (Z6)) H Yi

where
2 Bi=p,
2 i=da+ i+ D —a)
and
ile(i 4 1)l72 al(p — a)!
T T TGy L6
This gives rise to a congruence relation P= — »_¢,Q; where the Q; are pp. of

the same weight and degree as P, but less than P if the pp. in the y, are
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ordered lexicographically. The Q; may in turn be replaced by linear combina-
tions of pp. Ry;, each R;; being less than Q;, until P is written congruent to a
linear combination of weak pp. This process usually requires elaborate com-
putations which sometimes may be simplified by the notation of an M-
congruence [2].

Let P= Y cQ be the congruence obtained after one step in Levi's reduc-
tion process. Let P= []yg* and let Q= []#%* be the monomial on the right
side of the congruence. Placing m(P, Q) = ([J(k!)=]/ [H(k')ﬁk] m(P, Q) is
called the first factor of the step from P to Q, M(P, Q) =c/m(P, Q) the sec-
ond. Note that m(P, Q) depends only on P, Q, not on the step. After several
steps in the reduction, suppose we come to a congruence P= » dR. Calling
a sequence of successive steps a patk, there may be several paths in the given
reduction leading from P to R. The first factor of a path from P to R is de-
fined to be the product of the first factors of the steps; clearly this is m(P, R)
and hence the first factor is the same for any path and can be designated with-
out confusion as m(P, R). If, quite generally, P= ) dR, we also write
P=M3"(d/m(P, R))R and call this an M-congruence. Because of the inde-
pendence of the first factor from the path joining P and R, the M-congruence
is what is obtained in the Levi reduction provided the first factors are sup-
pressed at each step of the reduction. As remarked by Mead, in testing
P=0[y7], we may restrict the computations to M-congruences.

Part I. In this section we show that the smallest ¢ such that y!=0][y?] is
g¢=2p—1. This result was known to Ritt and a proof that y?*'=0][y?] is
given in [3].

LemMA 1.0. yP'=0[yr].

Proof. P=97"" is of degree 2p—1 and weight 2p—1. We find that
f(p, 2p—1)=2p+2. Hence, by Theorem 0.1, P=0{y"].

Lemma 1.1. If P=ypyiys? is of degree 2p—2 and has excess weight zero,
then ,

Q=955 5 =0l
Proof. Since P has excess weight zero, w(P)=f(p, 2p—2) =01 +2as.
w(Q) =a1—1+20a;. Therefore w(Q) —f(p, 2p—2) = —1, and hence, by Theo-
rem 0.1, Q=0][yr].

LEMMA 1.2. Let P=ygy$t - - - y%, a;>0, be of degree 2p—2 and have ex-
cess weight zero. Then if s>2 we have P=0][y?].

Proof. We examine the weight of Q =yJy51y32 - - - 927!, Since P has excess
weight zero, w(P)=f(p, 2p—2)=2p—2. Hence w(Q)=w(P)—s=2p—2—s
<2p—4=f(p, 2p—3). By Theorem 0.1, Q=0[y?], and therefore also
P=0[yr].
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LeEMMA 1.3. y?72£0][y?].

Proof. We show by induction on p—Fk that yjy? * #y5£0[y7], 05k
<p—1. For the case p—k=1, 33792 #£0][y?] by Theorem 0.1. We assume
the lemma true for values less than p—k. By Lemma 1.1, we have

ye 9372k =0[y»], whence (yi'y?*~*2y%)’=0[y?]. Expanding and ap-

plying Lemma 1.2, we have

kopa-ok b 2p—2k—3 k+l 2p—4—2% k+l[ ?l.
Yoy1 Y2 = E+ 1 Yo N

By our induction hypothesis, yit'y?P=*"#*y*t1£0[yr], and (2p—2k—3)

/(k+1)5£0 since 2p — 2k —3 is an odd number. Therefore the induction holds

and our lemma follows by taking k=0.

=dy; 'y, [y7], d=0.

This follows from the proof of the lemma, or from it directly upon observ-
ing that there is only one weak pp. of the same degree and weight as y5~'y5 7.
(More generally, it is known, and easily proved, that there is only one weak
pp. of the same degree and weight as y57'y27% - + - y27%).

"COROLLARY 1.4, y2P~2

THEOREM 1.5. The smallest q such that y1=0][y?] is g=2p—1.

Proof. Lemmas 1.0 and 1.3.

Part I1. In this section we find that the smallest g such that y4=0[y?] is
g=3p—2.

LeMMaA 2.0. y¥2=0[y"].

Proof. P=y"? has degree 3p—2 and weight 6p—4. We find that
f(p, 3p—2)=6p. Hence P=0[y?] by Theorem 0.1.

LeMMaA 2.1, If P =y3y{'y3*y3y3 is of degree 3p—3 and excess weight zero,
then

(@) Qo=15""yp "y5ty55 =0[y7],

(b) Q1 =y iy sy =0]ye],

(©) Q=157 95 yi=01y"],

(d) Qs =3ty t=0[y].

Proof. (a) w(Qo)=(a1—1)4+2as+3a;+4as. Since P has excess weight
zero, w(P) =f(p, 3p—3) =a1+2as+3as;+4a, Therefore w(Qo)—f(p, 3p—3)
= —1 and Qy=0][y?] by Theorem 0.1. The proofs for Parts b, c, and d are
similar.

LEMMA 2.2. Let P=y"yy3y3%y5 - + - %, a,>0 be of degree 3p—3 and
have excess weight zero, then if s>4, P=0][y?].

Proof. Assuming that a,>0, we compute the weight of Q=15%1'y5*y3'y5*
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9%~ Since P has excess weight zero, w(P) =f(p, 3p—3) =6p—6. w(Q)
=w(P)—s=6p—6—s5<6p—10=f(p, 3p—4). By Theorem 0.1, Q=0[y?],
and therefore also P=0[y?].

THEOREM 2.3. y7°= 3, aiPi[y?], where Pi=(y1ys)*(3ys)Cr—%902, p
0dd, 0S2kESp—1, or Pr=(y3ys) %+ (y,y;) r—5=12 p even, 02k < p—2. Also
Cp-127#0 for p odd and cp_2)2 70 for p even.

Proof. By Lemma 2.1b, we may write y¥ %= —(3p—4)y53 °y:[y7].
Lemma 2.1b is applied again to obtain

3p—b

1 2 3p—7 2 2 3p—6
Yy Y= (3 — 6)yy2 33+ yiya. wil[y'].

Now Lemmas 2.1b, 2.2 are applied repeatedly to eliminate the y, factor.
Applying these lemmas to yiyay5y: (for appropriate a, b, ¢, d), we can write
this pp. congruent to a linear combination (with negative coefficients) of
yity0=2yst1y and 93119519193+, Thus repeated application of Lemmas 2.1b,
2.2 yields y¥73 to be congruent to a linear combination of monomials
YiyPrA ety ¢ =y-+2. By setting 3p—3—x—y=0, we may write y3?
congruent to a linear combination of monomials of the form yiy4 %y; with (1)
3p—3=x+y; (2) x=y+2. We are interested only in those monomials with
non-negative weight sequences; hence (3) s<p—1;also (4) x+3y+2=6p—6;
and (5) y=2 so x=2z. From (3) and (4) we have

s ye= ) G = ) ) T

In order to guarantee that the exponent 3(p—z—1)/2 be an integer, we set

5=2k,0=2k=p—1,if pisodd, and 3=2k+1,0=2k<p—2,if piseven. Thus
¥ 3= 3", cPi[y?] as stated.

The transition from y¥72 to 93" %y, is a step, or a path of length one,
and the transition from y¥73 to y{y¥3"*"Yy4%y% is by means of paths of
length x. The coefficient of yiy3? 37*"¥y4 =%y at the end of the path is positive
or negative according as x is even or odd; the total coefficient is the sum of the
coefficients for the separate paths, and since all the paths are the same
length, the total coefficient is positive or negative according as x is even or
odd. In particular the coefficient of (yy,)*~! is positive and this concludes
the proof of Theorem 2.3.

Thia following lemma is a generalization of a statement of Mead [2,
p. 430).

LEMMA 2.4. If P=y39{y3y3y3=0][y?] is of degree 3p—3 and excess
weight zero, then Q=y5975™595°=0[y"].

Proof. In the reduction of P, by Lemma 2.2 we may simply neglect
modulo [y?] the terms having a factor y;, i>4. Also if P is of degree 3p—3
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and excess weight zero, then Q is of degree 3p —3 and excess weight zero, so
the same remark holds for Q. With this understanding, the mapping y;,—ys_,,
0=<:=<4, notonly maps P into Q, but also maps a valid M-congruence used in
the reduction of P into a valid M-congruence for the reduction of Q.

THEOREM 2.5.

3 3 (p—-1)/2 _

(rye) (y1ys) =ol""]

, t=0, podd, p> 1.

o0 o) T = 0™tz 0, peven, p> 2.

Proof. For p =2, nothing is being asserted. For p even, p>2, write p+¢
=(p—1)+(¢t+1); the theorem for p=p then follows from the theorem for
p=p—1. So we may assume p odd, p=3. We prove the theorem first for
p=3. For arbitrary p, replacing y3y;~® by the other terms in the (4p—3)rd
derivative of y?, we find

2p-3 3 p-—3 —9(p—3)! 21 NPp—3)! 2 —2) 1 p
(1) ¥y Yy = = y yyys ¢y ]

1 —_—

-0t T T -
By Lemmas 2.1b, 2.2, we have

2p—3 =1 52 p
(2) ylp_ y:%)’f-z = 2 — 2 ylp )’f [yp]-
Therefore, from (1) and (2) y? %33 2=0[y?], p=3. Placing p—3=¢, we
have ¥3y3(y2ys)¢=0[y*+], which is the theorem for p=3.

Letting T denote an odd integer such that 3= T <p, we have as our in-
duction hypothesis

t, 3 3.(T-1)/2

I.H.2.5. (yi)u) (y1y3) = Oly

Before proceeding with the proof of Theorem 2.5, we insert a number of
lemmas.

™, i1=zo.

LEMMA 2.6. If yiy¥y} is of degree 3p+3t—3 and weight 6p+6t—6, then
a=2p+2t—k—2 and b=p+t—2k—1, so that yiy3yi=(¥iy)r+%1(yiy))*.

Proof. We obtain a and b by solving simultaneously a4-3k+b=3p+3t—3
and a+9&k+4b=6p+6t—6.

LEMMA 2.7. If y2y¥% is of degree 3p+3t—3 and weight 6p+6t—6, and
0<k<(p—1)/2, then yiy3yi=0[yr*].

Proof. By Lemma 2.6 and 1.H.2.5

a 3k b _ (2k+1)+ (p+t—2k—1)
yiys ¥4 = Oy ]
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LEMMA 2.8.

2k, 2 1, 3 3(T-1)/2 T+k4+1
P = (yo9) (y199) (91y3) =0[y "]

(T — 1)/2 + min (&, ) < (p — 1)/2.

Proof. By Lemma 2.4, interchanging vy, and y4, 3 and y;, we see that the
lemma is symmetric in &, /; hence we may, and will, assume that 2=/ and
(T-1)/24+1<(p—1)/2.

To P =yky#timy2ttimy! where m=(T—1)/2, we apply Lemmas 2.1d, 2.2
to eliminate the y, factor. Applying these lemmas to y5y%y5y3y5, (for appropriate
a, b, ¢, d, e,) we can write this pp. congruent to a linear combination of
Yo e T Yo T E T 96yiys 985" and after repeated ap-
plications, the pp. will be congruent to a linear combination of monomials of
the form:

a—u btu—v ctv—w dtwtz e—z
Yo N Y2 Y3 Y4 u+v+w=ux
Taking x=e, P can be written as congruent to a linear combination of
monomials of the form:

k—u 2l14+3mtu— v—w 2k+3m+4w+il
ooy Yy e, utotw=1
We propose to show that each of these is congruent to zero, modulo [y7+¥+1].
Applying Lemma 2.4, it is sufficient to see that

2k+3m+-l+w v—w 204-3mtu—v k—u

T+k+1
»n y2 ¥ yo =0y ]

We apply Lemmas 2.1b, 2.2 to eliminate the y, factor. One application of these
lemmas to y%y%y5y? replaces the pp. by a linear combination of ¥3ty3~2y5ty4
and y?t'9% 795 1ye*1; after repeated applications, by a linear combination of

pp. of the form

a+z b—z—y c+y—z d+z
Yy y2 Y3 Y4, x=y-+taz

Taking v—w—x—y=0, it will be sufficient to show that

2k+ 14+ 3m+v—y 214 3mtu—v+y—z k—utv—w—2y

»n ¥ 94 = 0ly
Recalling that /=#+4v+w, x=y+2, and v—w—x—y=0, we see that
2014+3m+u—v+y—2z=3(m+u+w+y), and since y=v—w—x=9, we have
3(m+u+w+y) <3(m+1)<(3/2)(p—1). By Lemma 2.6, then, it remains to
see that

T+k+1
I
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2 k—u+tz, 3 3 mtutwty

(y134) (y1y3) = 0[y T+k+lj

and this follows from Lemma 2.7. This completes the proof of Lemma 2.8.

Returning to the proof of Theorem 2.5, we distinguish the cases p =4m—1
and p=4m-1. The following lemmas are proved for p=4m—1. The cor-
responding results are stated for p=4m-+1 and are proved in a similar
fashion.

LEMMA 2.9a. Let p=4m—1, then

Bm—3+2t 6m—3 ¢ T

4dm—1+¢
P =y ys yi= 2 aQily ]

k=0
where

3m—1—k+t 2k 2k

0= Oy (iye) (y1y3) " ¥2

LEMMA 2.9b. Let p=4m -1, then

P=y"" = 2 dsily ™

k=0
where
2m,6 2 3m4-t

So = (yoys) (y1y4)
and

2 m—k 2 3m+1—k+t 2k—1 2k—l

Sk = Oy v (199)

for >0.

The exact values of the ¢; and di will be given below.

Proof a. Replacing y3" 'y; by the other terms in the (12m+4¢—3)rd
derivative of y*"~ !+t we wrlte P congruent to a linear combination of pp.-of
the form:

6m—3+2¢t 2m—2 €5 1) 1 €3 4
Q0=mn ¥s Y0Y1Y2¥sYa
With (1) ’io+‘i1 +12+13+'l4 =4m—1 +t,
(2) 61424, +304+4i,=12m—3 442,
We have 4, +2i3+343+44,=4(3m —14¢)+1, and moreover,
(3) Z0<m, as 1o=m implies 1, +12+13+17, < 3m — 1+, whence 34,424,413
< —1, a contradiction. We also note that
(4) >t
Using the relations (1) and (2), one verifies that Q can be written in the form:
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m—2—2ig+1i3 i iy

Q0 = (o) ") iy ys -

We divide the Q into three types: type iii, those for which 2m —2 — 24413 =1,,
types i and ii take up the rest, type i having 4,=0 and type ii having 7,50.

For terms of type i we claim

(5) to+(2m—2—24p413)/3=52m—2.
For if not, then 49+44;4+3>4m —1, which with (1) gives 3—7,— 42— (4,—¢) >0,
and with (2) gives 9+4370—4;— 24, —4(is—¢) >0, the first of which yields
4—t=1or 2. If 44,—t=2, then 4, =4,=0; and the last inequality makes 7,=0.
Thus 43+ (4 —t) =4m—1 and 34;+44,—4t=12m—3, so that 44—¢=0 contra-
dicting (4). Thus 74—t =1. Recalling that =0, we have 7, =0 or 1. But there
are no terms of the form yPy5yit! or y9y,95y% of the desired degree and
weight. Hence (5) is established, and with it, from Lemma 2.8, we conclude
that pp. of type i are zero modulo [y*==1+¢].

We now assert, for all Q,
For if not, then 440—243+24,4+3>4m—1. From (1) and (2) we get

(7) 4i0+306+2i,+i3=4m—1, ,
and with the last inequality, 3—3i—343>0, whence %,=%=0. Hence
449+ 21, =4m —1, which is impossible, as an even number cannot be odd.

, To take care of the other monomials we insert a lemma:

LEMMA 2.10a. Let p=4m—1. If a pp. Q=¥ *(nYs)*(¥iy4)ys has the
same degree and weight as P, and if a<m—1, b>d, and b+2c=6m—3+2t,
then Q=0 [y*m—1+t],

LEMMA 2.10b. Let p=4m+1. If a pp. S= (y632)°(3¥5)2(¥ys)°ys has the
same degree and weight as P, and if a<m—1, b>d, and b+2c=6m-2t, then
SEO[y4m+l+t].

Proof a. Applying Lemmas 2.1b, 2.2 to Q, we can write Q congruent to a
linear combination of pp. of the same form and with smaller d, namely,

2 a—-1 b+2, 2 d—1
(o) s (3174) e

2. a b+1, 2 c d—-2
(oys)  (y1ys)  (y1y4) ¥2

o) G’ o)y
Thus we may assume d =0. With d=0and b=2m—2, Q is of type i and hence
Q=0[y*m1+t]. With d=0, if b<2m—2, then a+b/3<m—1+4+(2m—2)/3
=(5/3)(m—1)<(p—1)/2, so that by Lemma 2.8, Q=0[y*=—1+t]. This com-
pletes the proof of Lemma 2.10.
Continuing the proof of Lemma 2.9, Lemma 2.10 shows that all Q of type
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ii are zero. Thus we are left with terms of type iii. Terms of type iii are of the
form:

2 m—k—

1, 2 3Im—1—k—14t 2k+-1 241
(yoys) (y1y4)

(yys)  y2
6m—3+2t 2m—2 m—k—1 1-1 2k+1 1l 3m—1—k—1!t
=M Y2 Yo Y1 Y2 Ys)s ’

0<k=<m—1, 120. One observes that /<1 since the term is divisible by
y¥m~3t% By the formula given in the introduction we note that the coefficient
for I=0is

3lm=141t(4m — 1) 11!
2%4 Pm1k+t QRN 3m — 1 — k + D)(m — k — 1)!’

and the coefficient for /=1 is
3Mm—141t(4m — 1) 14!
231k (2 4+ 1)(Bm — 2 — k+ ) m — k — 1)1

Suppose I=1. An application of Lemmas 2.1b, 2.2 to such a term yields it to
be congruent to a linear combination of three pp.:

m—k—2 3m—2—k+t 2k+1 2k

(yoys) (y194) DI

2 m—k—1 Im—2—k+t 2k+2 2k—1

(yoys) (}’3%) (y1y3) 2

2 m—k—1

By)™ " (iy)
where the coefficient of the last term, Q, is
2m — 1
om— 2+ 2

3m—1—k+t 2k 2k

(y1ys) y2

The first two pp. are zero by Lemma 2.10. Thus we have P= Y 7} c,Qx as
stated.
REMARK. By the last paragraph we see that

31m=141(dm — 1) 11!
ook ik (2R) (Bm — 1 — b+ O)im — k — 1)1
(2m — 1) 31m=141¢(dm — 1) 11!
(6m — 2 + 20) 2PH13143m—2++(2k + 1)13m — 2 — k + O)l(m — & — 1)1

Cx =

Similarly one finds
31mt1414(dm + 1) 1!
3141+ (3 + £) !

d0=—
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3Umt141(4m + 1)1(2)!

o-14am bttt (2 — 1)1(3m — k+ 1+ £)!(m — k)
(2m) 3lm+141(dm + 1) 111

(6m + 1 + 20) 2%#3141m—++(2k)\(3m — k + ) (m — E)!

d = —

when
k> 0.
LEMMA 2.11a. Let p=4m—1, then for 0Sk=m—1,
(2m — 2)1(6m — 2 + 2!
= (2m— 2k — 2)1(6m — 2+ 2k + 21)!

m—k—1 6m—242t+2k 2m—2—2k 3Im—1+k+t 4m—1+t
Xy »n ¥e Y4 [ ]

LEMMA 2.11b. Let p =4m+-1, then for 1 Sk <m,
2m — 1)1(6m + 1 4 20)!
(2m — 2k)!(6m + 2k + 21)!

Ok

Sy = (—1)%1

m—k 6m+2k+2t 2m—2k 3m+k+t[ 4m+l+l]

Xy mn 72

Proof a. Let
m—k—1 6m—242t+j 2k—j 2m—25 3m—1—k+t4j
Qri=% N Y2 ¥z s
2. m—k—1, 2 3m—k+t+5—1 2%k—j 2k—j
= (yoys) (3y9) Ty Ty
We will prove that
—(2m—-2-3
. == . 4m—1+¢
Ok, om — 14 22 +ij,,+1[y I,

0=<j<2k. By Lemmas 2.1b, 2.2 we may write Q,; congruent to a linear com-
bination of three monomials: '

2 m—k—2

(yoy3) (y134)

3m—1—k+t+5 2k+2—5 2%k—j—1

(y1y9) y:

3m—1—k+t+j 2%41—j 2k—j—2
(y1ys) Y2 ,

3m—k+t+7 2k—1—j 2k—j—1

(y133) y2

2 m—k—

(o)™ (yiye)

2 m—k—1

(yoys) (y194)

The first two pp. are zero modulo [y*»—1+¢] by Lemma 2.10, and the third
pp- is Qk,;4+1. Taking into account the coefficients, we have
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0, = —Om=2=1)

. 4m—1+1¢
6m — 1+ 2 +].Qk.l+l|.y J)

and Lemma 2.11a follows.
LEMMA 2.12a. Let p=4m—1, then for 1 <k=m, k<j<m,

m—k 6m—442k+2¢ m—j 2j—2k 4Am—2+k+t—j

Yo N Y2 Y3 Y4
_( 3)"“"(2]'—2k)!(4m+k—-2-l—t—j)!
27k — k)\(4m — 2 + )!

2

m—k 6m—442k4+2¢t m—k 4m—2+t[ 4m—1+t]

Xy nNn Y2 Y4
LEMMA 2.12b. Let p=4m+1, then for 0Sk=m, k<j<m,

m—k 6m-+42t4+2k m—j 2j—2k 4dm+t+k—j

Yo N1 Y2 Y3 Ya
_( 3),-_,; (25 — 20)\(4m + ¢ + k — j)!
\ 2 2i~k(j — k) !(4m + 0)!

m—k 6m+2t4+2k m—k 4m+t

dm+14-¢
XY M Y2 Y4 [y ]

Proof. Let
m—k 6m—4+2k+2t m—j 2j—2% 4m—2pk+t—j
Qi=% »n Y2 Y3 Vs .

We will show

3 2 — 2% —1

Q;= (—?) - Qia[ytmr+].

dm+k+t—1—3j

Let Q;«»Q; under the mapping y;<y:—;, 0=7=<4. By an application of
Lemmas 2.1a, 2.2 to

4m—2+k+t—j 2j—2k m—j 6m—4+2k+2t m—k

Qi = % Yo Y2 Vs Ys
we see that Q; is congruent to a linear combination of the following three pp.:

dm—14+k+t—j 25—2k—2 m—j+1 6m—4+2k+2t m—k
Yo N Y2 Y3 )

dm—14k4-t—j 2j—2k—1 m—j—1 6m—3+2k+2t m—k

Yo Y1 Y2 Y3 ¥Ys

dm—14k+t—j 2j—2%—1 m—j = 6m—b+2k+2¢ m—k+1

Yo Y1 Y2 y3 Y4 .

Of these three terms, the first is Q;—1. By Lemma 2.4, the second two are in
[y?] if the following are:
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m—k 6m—3+2k+2t m—j—1 2j—2k—1 4m—1+k+t—j

Yo N Y2 Ys Y4 ’
m—k+1 6m—B64-2k+2¢ m—j 25—2k—1 4m—14k+4t—j5
Yo N Y2 Y3 b )
and this is so since
wiye oy Y < f(dm — 1+, Tm — 3+ k+ 2) = 6m — 2 + 2k + 2,
and
wiye Ty < fm — 14, Tm — 4+ R+ 2) = 6m — 4+ 2k + 21
Taking into account the coefficients, we have
~ 2 —2%—1  _
0= — - Qia[ytm1+],

m—1+k+t—j

Hence we have:

Q;=M— Ho2-l = l- Oialytm+],
dm — 1+ k+t—j mQj Qi—1)
2] —2k—1 1
Qi=M— d Qja[y*m—1+],

4m — 1+ k+t—j m@), 0i-)
(by Lemma 2.4), and

== i Rk mQh Qi1) it
Q; dm —1+k+t—j mQ; 0i) Qialy ].

We also have

m(Qj, Qj—1) _ 3
m(@f) @i—l) 2

and our lemma follows.
LEMMA 2.13a. Let p=4m—1, then for 1 Sk<m,

m—k 6m—442t+2k m—k 4m—24¢
Yo N Y2 Y4
(m - k)!
8m —5+4+20)8m —T7+42)---(6m— 3+ 2k+ 2)

8m—4+42¢t 4m—2+t, dm—14¢
Xy vy ly 1.

LEMMA 2.13b. Let p=4m+1, then for 0Sk<m,

= (-1
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m—k O6m+4-2k+2¢t m—k 4mit
Yo N Y2 Y4
= (=) (m — k)!
8m —142)8m —3+2t) - - - (6m+ 1+ 2k + 20)
8m+-2t 4m+t dm+1+¢
Xy oy ly l.

Proof a. By Lemmas 1.1, 1.2 we have

8m-4+2l

y — &m =5+ 2y yely™ ],
A second application of Lemmas 1.1, 1.2 gives
Smoth2t _ (8m — 5+ 2t) 8m — 74 2) 2 sm-siar 2 tmo14e
9 . > yoyr sy ]

Repeated applications of Lemmas 1.1, 1.2 gives

8,,._.+2¢ = (- 1), Bm—5+2)8m—T+2)---(8m— 3+ 2t — 29

J!
J 8m+2t—(25+4) 5

X oy 4m—l+t].

y2ly

Taking j=m —k and multiplying by y{"~>** we have our lemma.

LEMMA 2.14a. Let p=4m—1, then for 0Sk<m—1,
0 = (3 >’”_"—l 2m — 2)1(6m — 2 4 20)! sm—sy2t am—2te
= | —

[ 4m—l+t-|
2 Gm—a+2p 0 Y ’
LEMMA 2.14b. Let p=4m+1, then
5 = (i)"‘ 2m) ! (6m + 20)! smy2e 4m+t[ 4m+1+t]
*=\2 Gm+ 2 O ’
IN*"F(2m — 1)W6m 4+ 2t + 1)! smyor amie; 4miree
S, =—(— , 1=k =
* (2) (8m + 21)! CEEC "

Proof a. Lemmas 2.11, 2.12 with j=m, and 2.13
Continuing with the proof of Theorem 2.5, we have by Lemma 2.14, if
p=4m—1,
bm—3+2t 6m—3
P =y 3+ ‘ys y:
2272 6m® — 8mj+ 35 — 1+ 2m — 24)¢
= Constant X Z { J J ( 7) }
=1 25 — Dlim — HNIGBm — 7+ 1!

8m—4+2t 4m—2+t; 4m—1+4t
Xy oy vy ]

.
’
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orif p=4m--1,

6m+2¢t 6m ¢
P=y Y3 Y4
m 22"“’2(6»;2 - SMj — 2jt + 2mt + 2m — j) om42¢ dmit; dmil14t
=c Y1 4 [}' ]

i=0 (m — DU2DIBm —j + 1+ 1!
Theorem 2.5 will follow from Lemma 2.15.
LEMMA 2.15a. For p=4m—1,
m  2%-2%(6m® — 8mj + 35 — 1 + 2mt — 2j1) — 0
i1 (2= Dlm — )!@m —j + !
LEMMA 2.15b. For p=4m-1,
m  2%+2(6m® — 8mj — 2jt + 2mi + 2m — ) -0
(m — DI2HEBm — 5+t + 1)

Ju=0
Proof a.
m 2%-2(6m? — 8mj + 3j — 1 + (2m — 2))1)
i=1 (27 — Dlm — )'Gm — j + 1!
2 2HGm —j 4 )(m —j)
= (2= Dlm = 5)1G3m — j + 1)!
_F 2%(24 + 1)(5)
i 2+ Dm—7—1DIBm—F— 14!
& 22+ DCBm —j+Om —j) L 2242+ )Bm — i+ )m — j)
S Qi DIm—DIBm =i+ ) D 25+ Dim — 5)IBm — j 4 0!
=0.
THEOREM 2.16. The smallest q such that yi=0[y?] is ¢=3p—2.

Proof. By Lemma 2.0, y¥2=0[y?]. By Theorems 2.3, 2.5 y¥?
=cy?%)271[yr], ¢#0. By Corollary 1.4, y* 2=dy3 'y5~ [y*], d£0. Hence
¥ 3 =cdys 927 Yy5 7 [y?], cd %0 whence ¥ *#0[y?] by Theorem 0.4.
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